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Inequivalent Leggett-Garg inequalities
Swati Kumari and A. K. Pan
National Institute of Technology Patna, Ashok Rajpath, Patna, Bihar 800005, India
It remains an open question how realist view of macroscopic world emerges from quantum for-
malism. For testing the macrorealism in quantum domain, an interesting approach was put forward
by Leggett and Garg in 1985, by formulating a suitable inequality valid for any macrorealistic the-
ory. Recently, by following the Wigner idea of local realist inequality, a probabilistic version of
standard Leggett-Garg inequalities have also been proposed. While the Wigner form of local realist
inequalities are equivalent to the two-party, two-measurements and two outcomes CHSH inequali-
ties, in this paper we provide a generic proof to demonstrate that the Wigner form of Leggett-Garg
inequalities are not only inequivalent to the standard ones, but also stronger than the later. This
is demonstrated by quantifying the amount of disturbance caused by a prior measurement to the
subsequent measurements. In this connection, the relation between LGIs and another formulation
of macrorealism known as no-signaling in time is examined.
I. INTRODUCTION
Bell’s inequalities [1] were formulated for testing the
incompatibility between the local realism and quantum
mechanics (QM). Local realism is the notion that objects
have definite properties independent of the observation,
and measurements of these properties are not affected
by space-like separated events. Schrodinger’s [2] famous
cat experiment had raised the question how the notion
of macrorealism inherent in our everyday experience can
be reconciled with the quantum formalism. Since then,
quite a number of attempts have been made to answer
this question [3–6]. Motivated by the Bell’s theorem [1],
in 1985, Leggett and Garg [7] formulated an inequality
which provides an elegant scheme for empirically testing
the incompatibility between the classical world view of
macrorealism and quantum mechanics.
The notion of macrorealism consists of two main as-
sumptions [7–9] which are in principle valid in our every-
day world are the following;
Macrorealism per se : If a macroscopic system has
two or more macroscopically distinguishable real states
available to it, then the system remains in one of those
states at all instant of time.
Non-invasive measurability : The definite real state
of the macrosystem is determined without affecting the
state itself or its possible subsequent dynamics.
Based on these assumptions, the standard Leggett-
Garg inequalities (henceforth, SLGIs) were derived. Such
inequalities can be shown to be violated in certain cir-
cumstances, thereby implying that either or both the as-
sumptions of macrorealism per se and non-invasive mea-
surability are not compatible with all the quantum statis-
tics. Since then flurry of theoretical proposal [10–20, 22]
have been given and quite a number of experiments [23–
34] have also been performed. However, there is active
debate [16, 20] how non-invasive measurability can be en-
sured within the framework of quantum mechanics and
in real experiments. Besides SLGIs, there have been
other interesting formulations for testing the macrore-
alism, such as, Wigner form of Leggett-Garg inequalities
(WLGIs)[11] and no-signaling in time condition [12, 13].
Fine[35] showed that for a two-qubit system subject
to two measurements per qubit having two outcomes of
each measurement, the only relevant Bell’s inequality is
the CHSH form [36]. Any other form of inequalities re-
duce to the CHSH inequality. However, if the number
of measurements and/or system size is more than two,
the inequalities inequivalent to the CHSH type inequal-
ity can be found [37, 38]. Then CH form [39] and Wigner
form [40–42] of local realistic inequalities are equivalent
to CHSH inequality.
SLGIs are often considered to be the analogus to the
CHSH inequalities. But, this structural analogy is only
cosmetic. It is recently shown by Budroni et al.[17] that
the violation of a SLGI can reach up to its algebraic max-
imum while violation of a CHSH inequality is contrained
by Tsirelson bound. It is more crucial to note here that
for two-party, two-measurements and two outcomes Bell
scenario (known as, 2222 Bell scenario), while CHSH in-
equalities provide the necessary and sufficient condition
for local realism [35], in a recent paper, Clemente and
Kofler [13] have argued that no set of SLGIs can pro-
vide the same for macrorealism. However, they argued
that a suitable conjunction of two-time and three-time
no-signaling in time conditions provide necessary and suf-
ficient condition for macrorealism. In terms of a macro-
realism polytope, it is shown [13] that SLGIs does not
represent the facets of that polytope, rather it is a hy-
perplane. That opens up the possibility that a different
set of inequalities (say, WLGIs) can be inequivalent to
and stronger than SLGIs.
In this paper, we provide a generic proof to show that
WLGIs are not only inequivalent to the SLGIs but also
stronger than SLGIs. In other words, we show that if any
of the possible symmetries of SLGIs is violated by QM
then one can find at least a WLGI which is also violated
but converse is not true. In this connection, by adopting
a different line of argument than in [12], we demonstrate
here that how no-signaling in time conditions capture
the macrorealism better than WLGIs and consequently
SLGIs. In order to showing this, we invoke the notion
of the amount of disturbance created by the prior mea-
2surement to the subsequent measurements. We first de-
rive disturbance inequalities corresponding to LGIs and
WLGIs which enable us to provide the aforementioned
proof. We further pointed out that the violation of LGIs
and WLGIs require a threshold value of disturbance and
the suitable interplay between them, but any non-zero
value of disturbance implies the violation of no-signaling
in time condition, thereby making it a better candidate
for testing macrorealism.
This paper is organized as follows. In Section II, we
recapitulate the notions of SLGIs and WLGIs. In Section
III, we then introduce the quantification of disturbance
created by the prior measurement enabling us to demon-
strate the generic proof that WLGIs imply SLGIs. The
relation between no-signaling in time conditions, LGIs
and macrorealism is discussed in Section IV. Finally, we
summarize our findings in Sec.V.
II. STANDARD AND WIGNER LGIS
Let us consider a two-level macroscopic system at time
t1, which evolves from one state to another with time.
According to Macrorealism per se assumption, the sys-
tem at all instant of time is found to be in a defi-
nite macroscopic state at any particular instant. Then,
the measurement of a suitable dichotomic observable Mˆ
should produce definite outcomes +1 or −1 . Let the
measurement of Mˆ is performed on the macroscopic sys-
tem at three diffrent times t1, t2 and t3(t3 > t2 > t1)
which can be considered to be the measurement of the
observables Mˆ1, Mˆ2 and Mˆ3 respectively.
Now, the non-invasive measurability condition assumes
that the measurement of Mˆ1 can in principle be non-
invasive, so that, the definite outcome of Mˆ2 or Mˆ3 re-
mains unaffected due to the measurement of Mˆ1 and sim-
ilarly for the other set of sequential measurements.
In a macrorealistic theory, by using the Macrorealism
per se and non-invasive measurability assumptions, the
following inequality can then be derived,
∆LGs = 〈M1M2〉+ 〈M2M3〉 − 〈M1M3〉 ≤ 1 (1)
which is one of the SLGIs [7–9] for three time measure-
ment scenario, obeyed by a macrorealist theory. This in-
equality can be shown to be violated for any qubit state
and maximum violation is 1.5 [7].
Apart from the SLGIs there have been other formu-
lations of LGIs. One of them was derived [11] by fol-
lowing the Wigner formulation [40] of local realistic in-
equalities for stochastic hidden variable model. Wigner
form of Bell’s inequalities can be derived for a two-qubit
entangled state of two spatially separated particles by
assuming the locality condition and existence of a global
joint probabilities of the definite outcomes of the relevant
dichotomic observables corresponding to the two parti-
cles. The pair-wise joint probabilities can be obtained by
marginalization of the global joint probabilities. But, it
is widely known that in two-party, two-input, two-output
Bell scenario the only relevant inequality is the CHSH
one, i.e., Wigner form of local realistic inequalities are
also equivalent to the CHSH inequalities.
Following the Wigner idea for local realism, the
stochastic inequalities(WLGIs) in a macrorealist theory
can be derived [11] by using the statistical version of the
non-invasive measurability condition that the global joint
probabilities P (M i1,M
j
2 ,M
k
3 ) (with i, j, k = ±) and their
marginals would remain unaffected by the measurements.
For example, the joint probability P (M+2 ,M
−
3 ) of obtain-
ing the outcomes for the sequential measurements at two
instants t2 and t3 can be obtained by marginalizations of
M1 is given by
P (M+2 ,M
−
3 ) =
∑
M1=±
P (M1,M
+
2 ,M
−
3 ) (2)
= P (M+1 ,M
+
2 ,M
−
3 ) + P (M
−
1 ,M
+
2 ,M
−
3 )
Writing similar other expressions for the joint probabili-
ties P (M+1 ,M
+
2 ) and P (M
−
1 ,M
−
3 ), we get P (M
+
1 ,M
+
2 )+
P (M−1 ,M
−
3 ) − P (M
+
2 ,M
−
3 ) = P (M
+
1 ,M
+
2 ,M
+
3 ) +
P (M−1 ,M
−
2 ,M
−
3 ). Invoking the non-negativity of the
probability, the following form of inequality is obtained
in terms of three pairs of two-time joint probabilities, is
given by
∆LGw = P (M
+
2 ,M
−
3 )− P (M
+
1 ,M
+
2 ) (3)
− P (M−1 ,M
−
3 ) ≤ 0
which is a form of WLGI, valid in a macrorealist theory.
Note that, 23more such inequalities can also be derived
in this manner. If we write them in the compact form,
we have
P (M j2 ,M
k
3 )− P (M
−i
1 ,M
j
2 )− P (M
i
1,M
k
3 ) ≤ 0 (4)
P (M i1,M
k
3 )− P (M
i
1,M
−j
2 )− P (M
j
2 ,M
k
3 ) ≤ 0 (5)
P (M i1,M
j
2 )− P (M
j
2 ,M
−k
3 )− P (M
i
1,M
k
3 ) ≤ 0 (6)
Now, if the LG scenario is assumed to be the tem-
poral analogue of Bell’s one, then one may expect that
WLGIs are equivalent to the SLGIs. But, as mentioned
earlier, there is an important fact that SLGIs do not pro-
vide necessary and sufficient condition for macrorealism
in contrast to the connection between local realism and
CHSH inequalities in 2222 Bell Scenario. While the lat-
ter represent the facets of the local realism polytope, the
former does not represent the boundaries of the macrore-
alism polytope[13]. Then, new set of inequalities may be
found which can be inequivalent to the SLGIs. For a par-
ticular unsharp measurement scenario, it is numerically
shown [11, 21] that the violation of WLGIs can be shown
to be more robust than the violation of any of the SLGIs
because the former can be violated for a larger range of
sharpness parameter than the later. However, it remains
unexplored if the above feature is generic. It is the aim
of the present paper to demonstrate a generic proof to
show that WLGIs are inequivalent to and stronger than
SLGIs.
3III. GENERIC PROOF TO SHOW WLGIS
IMPLY SLGIS
In order to formulate the generic proof, we first intro-
duce the disturbance inequalities corresponding to the
various LGIs. Significance of such a disturbance inequal-
ity is that it provides the condition required for quantum
violation of a relevant LGI. Note that, LGIs arise if in
three time measurement scenario a restriction is imposed
in the experimental arrangement by taking only the pair-
wise joint probabilities (say, P (M j2 ,M
k
3 )) into account.
The pair-wise joint probabilities can also obtained by
suitably marginalizing the triple-wise (global) joint prob-
ability distribution P (M i1,M
j
2 ,M
k
3 ) which we denote as
P(M1,M2,M3)(M
j
2 ,M
k
3 ). However, in a macrorealist the-
ory, P(M1,M2,M3)(M
j
2 ,M
k
3 ) is equivalent to P (M
j
2 ,M
k
3 ).
In the context of LG scenario, this is exactly the non-
invasive measurability assumption at the individual level
which states that a prior measurement will not change
the real state of the system and its subsequent dynam-
ics. The difference between P(M1,M2,M3)(M
j
2 ,M
k
3 ) and
P (M j2 ,M
k
3 ) is the disturbance caused by the prior mea-
surement at t1 to the subsequent measurements at t2 and
t3. The disturbance is the key quantity for explaining the
quantum violation of a given LGI. Clearly, if no distur-
bance is caused by quantum measurement then all LGIs
will be satisfied.
In order to derive the condition for the quantum viola-
tion of LGIs in terms of disturbance, let us now consider
the pairwise marginal statistics of the experimental ar-
rangement when all three measurements (M1, M2 and
M3) are performed. So that, one can write
P(M1,M2,M3)(M
i
1,M
j
2 ) =
∑
k
P(M1,M2,M3)(M
i
1,M
j
2 ,M
k
3 )
(7)
P(M1,M2,M3)(M
i
1,M
k
3 ) =
∑
j
P(M1,M2,M3)(M
i
1,M
j
2 ,M
k
3 )
(8)
P(M1,M2,M3)(M
j
2 ,M
k
3 ) =
∑
i
P(M1,M2,M3)(M
i
1,M
j
2 ,M
k
3 )
(9)
where i, j, k = ±. The quantity P(M1,M2,M3)(M
i
1,M
k
3 )
conceptually differs from the pair-wise joint probability
P (M i1,M
j
2 ) where no prior measurement is performed,
but in the LG context they are same by assumption of
non-invasive measurability. Similar argument holds good
for other pair-wise joint probabilities.
Now, for our purpose, let us define the following quan-
tities.
D1(M
j
2 ,M
k
3 ) = P (M
j
2 ,M
k
3 )− P(M1,M2,M3)(M
j
2 ,M
k
3 )
(10)
D2(M
i
1,M
k
3 ) = P (M
i
1,M
k
3 )− P(M1,M2,M3)(M
i
1,M
k
3 )
(11)
D3(M
i
1,M
j
2 ) = P (M
i
1,M
j
2 )− P(M1,M2,M3)(M
i
1,M
j
2 )
(12)
Here, D1(M
j
2 ,M
k
3 ) quantifies the amount of disturbance
created (in other words, amount of violation of a no-
signaling in time condition) by the measurement M1 at
t1 to the measurements ofM2 andM3 at t2 and t3 respec-
tively. Similarly for D2(M
i
1,M
k
3 ). Note that, the LGIs
are derived in a macrorealist model by assuming the van-
ishing disturbance.But in QM, the disturbance does not
vanish in general. In fact, the non-zero value of the dis-
turbance is responsible for quantum violation of LGIs.
The quantity D3(M
i
1,M
j
2 ) quantifies the amount of dis-
turbance created by the future measurement. Since no in-
formation can travel backward in time, D3(M
i
1,M
j
2 ) = 0
is always satisfied. We now introduce the disturbance
inequalities corresponding to the various LGIs which are
required to be satisfied in QM for obtaining the violation
of LGIs.
Following the reasoning in [16] and by using Eqs.(7-9),
one can write
〈M1M2〉(M1,M2,M3) =
∑
i,j=±
ijP(M1,M2,M3)(M
i
1,M
j
2 )
(13)
〈M2M3〉(M1,M2,M3) =
∑
j,k=±
jkP(M1,M2,M3)(M
j
2 ,M
k
3 )
(14)
〈M1M3〉(M1,M2,M3) =
∑
i,k=±
ikP(M1,M2,M3)(M
i
1,M
k
3 )
(15)
Then, by using Eqs.(13-15), the expression of ∆LGs in
ineq.(1) can be written as
(∆LGs )M1,M2,M3 = 〈M1M2〉(M1,M2,M3)
+〈M2M3〉(M1,M2,M3) − 〈M1M3〉(M1,M2,M3) (16)
which gives
(∆LGs )M1,M2,M3 = 1− 4β (17)
where β = P (M+1 ,M
−
2 ,M
+
3 ) + P (M
−
1 ,M
+
2 ,M
−
3 ).
Now, the difference between ∆LGs and (∆
LG
s )M1M2M3
is the key quantity which determines whether the SLGI
given by ineq.(1) will be violated. Clearly, if ∆LGs =
(∆LGs )M1M2M3 is satisfied, the SLGI will not be violated.
Using Eqs.(10) and (11) we can write
∆LGs − (∆
LG
s )M1M2M3 =
∑
j=k
D1(M
j
2 ,M
k
3 ) (18)
−
∑
i=k
D2(M
i
1,M
k
3 )−
∑
j 6=k
D1(M
j
2 ,M
k
3 ) +
∑
i6=k
D2(M
i
1,M
k
3 )
4Since
∑
D1(M
j
2 ,M
k
3 ) = 0,
∑
D2(M
i
1,M
k
3 ) = 0 and by
noting ∆LGs ≤ 1, we obtain
2
∑
j=k
D1(M
j
2 ,M
k
3 )− 2
∑
i=k
D2(M
i
1,M
k
3 ) (19)
+ (∆LGs )M1M2M3 ≤ 1
By putting the value of (∆LGs )M1M2M3 from Eq.(17) we
have
∑
j=k
D1(M
j
2 ,M
k
3 )−
∑
i=k
D2(M
i
1,M
k
3 ) ≤ 2β (20)
Thus, for the violation of SLGI given by ineq.(1), the
condition
∑
j=k
D1(M
j
2 ,M
k
3 )−
∑
i=k
D2(M
i
1,M
k
3 ) > 2β (21)
needs to be satisfied in QM. We call the above re-
lation as disturbance inequality which plays the key
role in our proof. Similarly, disturbance inequali-
ties for WLGIs can also be derived. For this, let
us first consider a WLGI given by Eq.(3). Fol-
lowing the similar method, ∆LGw can be written
for three measurement scenario as (∆LGw )M1M2M3 =∑
M1=±1
P (M1,M
+
2 ,M
−
3 )−
∑
M3=±1
P (M+1 ,M
+
2 ,M3)−∑
M2=±1
P (M−1 ,M2,M
−
3 ) = −P (M
+
1 ,M
+
2 ,M
+
3 ) −
P (M−1 ,M
−
2 ,M
−
3 ).
Now, the difference between ∆LGw and (∆
LG
w )M1M2M3
is again crucial quantity which is responsible for the
violation of WLGI given by ineq.(3), and if ∆LGw =
(∆LGw )M1M2M3 , no violation of WLGI given by ineq.(3)
can be occurred. By using Eqs.(10) and (11), we then
have
∆LGw −∆
LG
M1M2M3
= D1(M
+
2 ,M
−
3 )−D2(M
−
1 ,M
−
3 )
(22)
By noting ∆LGw ≤ 0 in ineq.(3), we can then write
D1(M
+
2 ,M
−
3 )−D2(M
−
1 ,M
−
3 ) (23)
− P (M+1 ,M
+
2 ,M
+
3 )− P (M
−
1 ,M
−
2 ,M
−
3 ) ≤ 0
Hence, for obtaining the violation of WLGI given by
ineq.(3), the following disturbance inequality is needed
to be satisfied
D1(M
+
2 ,M
−
3 )−D2(M
−
1 ,M
−
3 ) > (24)
P (M+1 ,M
+
2 ,M
+
3 ) + P (M
−
1 ,M
−
2 ,M
−
3 )
Similar 23 more disturbance inequalities (corresponding
to the other 23 WLGIs) can be derived in such a manner.
If we write them in the compact notations, we have
D1(M
j
2 ,M
k
3 )−D2(M
i
1,M
k
3 ) > (25)
P (M i1,M
−j
2 ,M
k
3 ) + P (M
−i
1 ,M
j
2 ,M
−k
3 )
D2(M
i
1,M
k
3 )−D1(M
j
2 ,M
k
3 ) > (26)
P (M−i1 ,M
j
2 ,M
k
3 ) + P (M
i
1,M
−j
2 ,M
−k
3 )
−D2(M
i
1,M
k
3 )−D1(M
j
2 ,M
−k
3 ) > (27)
P (M i1,M
−j
2 ,M
k
3 ) + P (M
−i
1 ,M
j
2 ,M
−k
3 )
Equipped with the disturbance inequalities, we are now
in a position to argue that the WLGIs imply SLGIs. For
this let us consider the following two WLGIs are given
by
P (M+2 ,M
+
3 )− P (M
−
1 ,M
+
2 )− P (M
+
1 ,M
+
3 ) ≤ 0(28a)
P (M−2 ,M
−
3 )− P (M
−
1 ,M
−
3 )− P (M
+
1 ,M
−
2 ) ≤ 0(28b)
Corresponding to the WLGIs given by Eqs.(28a-28b), the
relevant disturbance inequalities can be derived. They
can be written as
D1(M
+
2 ,M
+
3 )−D2(M
+
1 ,M
+
3 ) > β (29a)
D1(M
−
2 ,M
−
3 )−D2(M
−
1 ,M
−
3 ) > β (29b)
For the quantum violation of the WLGIs the corre-
sponding disturbance inequalities given by ineqs.(29a-
29b) needs to be satisfied. Interestingly, by adding the
inequalities given by ineqs. (29a-29b), we get
∑
j=k
D1(M
j
2 ,M
k
3 )−
∑
i=k
D2(M
i
1,M
k
3 ) > 2β (30)
which is same as disturbance inequality in ineq.(21) de-
rived for SLGI.
It is now straightforward to argue that for satisfaction
of ineq.(30), at least one of ineq.(29a) and ineq.(29b)
needs to be independently satisfied. While satisfaction
of both ineq.(29a) and ineq.(29b) satisfies ineq.(30) but
satisfaction of one of ineq.(29a) and ineq.(29b) does not
necessarily satisfy ineq.(30). Then, the satisfaction of
ineq.(30) is the stricter condition. In other words, the vi-
olation of one of the WLGIs does not ensure the violation
of SLGI, but converse is true. It is crucial to note here
that for any possible symmetry of SLGI, one can find two
suitable WLGIs to run the similar proof presented above.
We can thus write WLGIs⇒ SLGIs.
A simple example can be helpful. Consider a state in
two-level system at t1,
|ψ(t1)〉 = cos θ|0〉+ e
iφ sin θ|1〉 (31)
with θ ∈ [0, pi], φ ∈ [0, 2pi] and Mˆ1 = σˆz . The system
evolves under unitary operator U∆t = e
igσx∆t in the
time interval between t1 and t2, and t2 and t3. The
time evolution of M1 in two different times t2 and t3
are given by M2 = U
†
∆tM1U∆t and M3 = U
†
2∆tM1U2∆t
respectively.
At θ = pi/2 and φ = 0, it can be shown that
the quantity D1(M
j
2 ,M
k
3 ) = 0 at g∆t = pi/4. But
D2(M
+
1 ,M
+
3 ) = −1/2, D2(M
−
1 ,M
−
3 ) = 0 and β = 1/4.
5One can then find that ineq.(29a) is satisfied, which in
turn implies that WLGI given by ineq.(28a) is violated.
But, ineq.(30) is violated which means that SLGI given
by ineq.(1) is satisfied. In fact, for that particular choice
of state and observables none of the other symmetries of
SLGI is violated.
Next, with the help of the disturbance inequalities we
show how no-signaling in time condition (NSIT) implies
LGIs but converse is not true.
IV. NSIT CONDITION, LGIS AND
MACROREALISM
The NSIT (in other words, operational non-
disturbance) condition is the statistical version of non-
invasive measurability condition, seems to be analogous
to the no-signaling in space condition in Bell’s theorem.
However, the violation of NSIT condition does not pro-
duce any fundamental inconsistency in contrast to the
no-signalling in space. In the context of LG scenario,
NSIT implies that a prior measurement will not disturb
the probability of obtaining an outcome of the subse-
quent measurements. The satisfaction of all the NSIT
conditions ( i.e., no disturbance is caused by one mea-
surement to the other) guarantees the existence of global
joint probability distribution P (M i1,M
j
2 ,M
k
3 ).
A two-time NSIT condition can then be read as
NSIT(1)2 : P (M
j
2 ) =
∑
i
P (M i1,M
j
2 ) (32)
which means that the probability P (M j2 ) of obtaining
definite outcome is unaffected by the prior measurement
ofM1 and similarly, a three-time NSIT condition is given
by
NSIT(1)23 : P (M
j
2 ,M
k
3 ) =
∑
i
P (M i1,M
j
2 ,M
k
3 ) (33)
Since a future measurement cannot cause disturbance
to the prior measurement, we exclude the arrow-of-time
from the present discussion.
In an interesting paper, Clemente and Kofler [12]
have recently argued that while no set of SLGIs provide
the necessary and sufficient condition for macrorealism
(MR), a suitable conjunction two-time and three-time
NSIT conditions provides the same. They argued that
NSIT(2)3 ∧NSIT(1)23 ∧NSIT1(2)3 ⇔MR (34)
The choice of two-time NSIT condition is not unique.
One may replace NSIT(2)3 by NSIT(1)3.
In terms of the notion of disturbance is defined in
Eqs.(10-12), the above Eq.(34) can be recast as
D1,2(M
k
3 ) ∧D1(M
j
2 ,M
k
3 ) ∧D2(M
i
1,M
k
3 )⇔MR(35)
Let us now closely examine the connection between
NSIT condition, LGIs and macrorealism in the context
of LG measurement scenario considered here. Note again
here that the violation of NSIT implies that a prior mea-
surement caused a detectable disturbance to subsequent
measurements.
It can then be seen from the ineq.(30) that non-zero
value of either or both of D1(M
j
2 ,M
k
3 ) and D2(M
i
1,M
k
3 )
are necessary condition for SLGI. However, this is not
sufficient. In order to obtain the violation of SLGI the
interplay between the disturbances plays crucial role so
that the difference between two disturbances is greater
than 2β, where β is a positive quantity. To make the
argument simpler, let for a specific choice of state and
observable, D1(M
j
2 ,M
k
3 ) 6= 0 but D2(M
i
1,M
k
3 ) = 0. This
does not ensure the satisfaction of the ineq.(30) which
requires
∑
j=k D1(M
j
2 ,M
k
3 ) > 2β. In other words, the
mere violation of NSIT is not enough to ensure the vio-
lation of a LGI, unless the amount of violation is larger
than a threshold value of the disturbance. Similar ar-
guments for the violation of WLGIs can be drawn from
Eqs.(29a) and (29b).
Then, by following the argument in [13], we can say
that the violation of one of the NSIT conditions ensures
the violation of macrorealism but not WLGIs or SLGIs.
We thus explained how NSIT is a better candidate for
testing macrorealism by using the disturbance inequali-
ties.
V. SUMMARY AND DISCUSSIONS
In this paper, for a three-time LG measurement sce-
nario, we examined the inequivalence between various
formulations of Leggett-Garg inequalities, viz., stan-
dard Leggett-Garg Inequalities (SLGIs), Wigner form
of Leggett-Garg Inequalities (WLGIs) and no-signaling
in time (NSIT) conditions. For 2222 Bell scenario, the
only relevant Bell’s inequality is the CHSH form. Any
stochastic version, such as, CH and Wigner form of Bell’s
inequalities are equivalent to the CHSH inequalities in
2222 Bell Scenario. We showed here that although SLGIs
seem to be a temporal analogue of CHSH inequalities,
but WLGIs are inequivalent to the SLGIs. We provided
a generic proof to demonstrate that WLGIs are stronger
than SLGIs, in the sense that the quantum violation of
any of the three possible symmetries of SLGIs ensures
the violation of at least one of the twenty four WLGIs.
But, the converse does not hold good. Thus, WLGIs
provide better test of macrorealism than SLGIs - a fact,
which seems amenable to experimentally test the notion
of macrorealism. Importantly, our proof is independent
of dimension of the system and irrespective of any partic-
ular measurement scheme. This is done by introducing
a measure of the amount of disturbance caused by the
prior measurement to the subsequent measurements and
then by deriving disturbance inequalities corresponding
to the various LGIs.
In a recent work [12], it is shown that a suitable con-
junction of NSIT conditions provide the necessary and
6sufficient condition for macrorealism while LGIs cannot
provide the same. One can then argue that NSIT con-
ditions captures the notion of macrorealism better than
LGIs. In terms of disturbance inequality, here we demon-
strated how NSIT conditions provide a better test of
macrorealism. However, such a proof can not be demon-
strated for local realistic inequalities due to the fact that
the statistically detected disturbance caused by space-
like separated events is restricted by no-signalling in
space condition.
Recently, Clemente and Kofler [13] have proved that
no set of SLGIs can provide necessary and sufficient con-
dition for macrorealism - a feature which is in contrast
to the Fine’s theorem[35] for local realism. By referring
to our earlier discussion, we can also argue that no set
of WLGIs can provide the necessary and sufficient con-
dition for macrorealism. In view of our study it would
be instructive to formulate new set of inequalities to ex-
amine whether that new set along with the existing set
of LGIs provides the same for macrorealism. A study
along this direction is very recently initiated [20] by us-
ing a quasi-probability approach. A comparison is also
made[43] between SLGI and NSIT conditions by intro-
ducing the notion of weak and strong form of macrore-
alism. It is argued that two-time LGIs provide the nec-
essary and sufficient condition for weak form of macro-
realism. Further studies are required to analyse this re-
sult. We note the fact that for testing local realism the
joint measurement needs to be considered between sep-
arated system. In contrast, the joint measurement in
LG scenario is more flexible thereby indicating the pos-
sibility of constructing new set of inequalities differing
from WLGIs. Since three-time SLGIs and WLGIs are
not the facets of macrorealism polytope, it would then
be interesting to examine whether such a new set of in-
equalities provide the necessary and sufficient condition
for macrorealism. Studies along this direction could be
an interesting avenue of future research.
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